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Question 1 (Unit D1) - 30 marks 


(a) Let q be the velocity function 


(i) 
(ii) 
(iii) 


(iv) 


a 
at 


Explain why q is the velocity function for an ideal flow on 
C- {-l}. 

Write down a complex potential function for q, and obtain the 
corresponding stream function. 


Determine equations involving a constant for the streamlines of q. 


Hence find equations for the streamlines through the points 0, 


—1+ 2% and 1 — 2i, and sketch them on a single diagram, indicating 


the direction of flow in each case. 


Find the flux of q across the line segment I from —1 +i to —1 + 2i. 


(b) Consider the obstacle 


(i) 


(ii) 


(v) 


K =[-3,-1] U {z: |z| < 1}U [1,3]. 


Use the result of Exercise 3.1(a) on page 38 of Book D to show that 


the Joukowski function J is a one-to-one conformal mapping from 
C — K onto C — [-10/3, 10/3]. 


Use Theorem 3.2 on page 38 of Book D to show that the function 


is a one-to-one conformal mapping from {z : |z| > 5/3} onto 
C= [=10/3,10)3), 


Use the results of parts (b)(i) and (ii) to show that f = Jj oJisa 


one-to-one conformal mapping from C — K onto {z: |z| > 5/3}. 


Use the Flow Mapping Theorem to deduce from part (b)(iii) that 
the solution to the Obstacle Problem for K with circulation 47 
around K is 


2i ; 
= (1-year) O 


by first finding a complex potential for this flow. 
You may assume that the function f in part (b)(iii) satisfies the 
Laurent series condition of the Flow Mapping Theorem. 


Verify that lim q(z) = 1 for the function q in part (b)(iv). 
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Question 2 (Unit D2) - 30 marks 
(a) Let f(z) = $2? +3245. 


(i) Find the fixed points a and 8 of the function f, and classify them 
as attracting, repelling or indifferent, identifying any attracting 
fixed points that are super-attracting. 


(ii) Prove that the iteration sequence 
64 = i MDA as 
is conjugate to the iteration sequence 
Wn41 = Prjg(wn), n=0,1,2,..., 
and determine the conjugating function h. 


(iii) Verify that h(a) and h(8) are the fixed points of Pz/4. 


(iv) Use Lemma 4.1 on page 143 of Book D to find a 2-cycle of Pz/4. 
Hence find a 2-cycle of f, and classify it as attracting (possibly 
super-attracting), repelling or indifferent. 


(v) Find a set of eight distinct points in the keep set K7/4, and 
determine whether each of these points is an interior point or a 
boundary point of K7/4. 


(vi) Determine whether or not K7/4 is connected. 
(b) Determine which of the following points lie in the Mandelbrot set. 
(i) C= 6 + 5? 
ja — 5 age 
(ii) c=—-¢+ qi 


(iii) c= %+ Gi 


The final four questions are practice exramination-style questions covering 
material from Books A, B and C. 


Question 3 — 10 marks 


Determine each of the following complex numbers in polar form, simplifying 
your answers as far as possible. 


(a) -34 v3i 
(b) (13 3a 


(o) -v3 + 3i 
eee EY cy 


o xy" 
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Question 4 -— 10 marks 


(a) Evaluate the following integrals in which T is the square contour with 
vertices 0, 1 + į, 2 and 1 — i. Name any standard results that you use, 
and check that their hypotheses are satisfied. 


(b) Write down a square contour IT for which exactly one of the three 
integrals from part (a) is non-zero. 


Question 5 — 10 marks 


Let 


and 


g(z) =o n+ (2 +1] <1). 


n=1 


(a) Explain why f and g are not direct analytic continuations of each other. 


(b) Use the binomial series 
OO 
a ae So nw", for |w| < 1, 
n=1 


to find an analytic function h such that 
f(z) =h),. for |L—2| <1; 
and 


g(z) =hA(z), for |z+1| <1. 


(c) Deduce that f and g are indirect analytic continuations of each other. 


Question 6 -— 10 marks 


(a) Find the image of the upper half-plane H = {z : Imz > 0} under the 
Mobius transformation 


f(z) = 


ig —1' 


z—í 


(b) Find a one-to-one conformal mapping from the region 
R=C-{rER:xz<0} 
onto the region 


S= {z:|z—2i| <1}. 
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